Breakthroughs have been made in algorithmic approaches to understanding how individuals in a group influence each other to reach a consensus. However, what happens to the group consensus if it depends on several statements, one of which is proven false? Here, we show how the existence of logical constraints on beliefs affect the collective convergence to a shared belief system and, in contrast, how an idiosyncratic set of arbitrarily linked beliefs held by a few may become held by many.
C onverse [(1), p. 207] defined a belief system as "a configuration of ideas and attitudes in which the elements are bound together by some form of constraint or functional interdependence." The existence of belief systems is widely accepted and a subject of interest in the scientific community (2-4), but there are still unresolved puzzles. According to cognitive consistency theory, inconsistent beliefs cause tension that individuals seek to resolve (5, 6) . Thus, if an individual's certainty of belief on the truth of one statement is altered, the alteration may propagate changes of the individual's certainties of beliefs on the truth of other statements. Individual-level, independent adjustments of certainties of belief (7) (8) (9) (10) (11) (12) (13) (14) do not suffice to explain the existence of shared beliefs in a population of individuals. Some additional, natural, social control and coordination mechanism is required. Public dispute on global warming is a prominent case in which individuals have varying certainties of belief on the truth values of a logically interdependent set of statements, which has implications for reaching a conclusion that collective action is required to mitigate global warming. Debates in economics on appropriate macroeconomic policy, and debates in politics on acceptable legislation, are also examples of interpersonal influences modifying individuals' certainties of belief on multiple interdependent statements. A critical open problem is the theoretical integration of theory on cognitive consistency and theory on interpersonal influence systems. We report a generalization of the Friedkin-Johnsen model (15) (16) (17) that achieves this integration. When individuals' beliefs on multiple statements are being influenced, the FriedkinJohnsen model assumes that a change of belief on one statement does not affect beliefs on other statements. We develop and apply a more realistic model on the dynamics of belief systems in which individuals' certainties of belief on a set of interdependent true or false statements are being changed by network mechanisms of interpersonal influence.
A shared logic constraint structure on a set of truth statements (e.g., if X is true, then Y and Z are true) does not imply belief consensus. It will polarize a population into two opposing ideological factions when high certainty of belief on one central statement implies high certainties of belief on all other statements, and low certainty of belief on that central statement implies low certainties of belief on all other statements. One faction accepts the premise of the central statement and thus accepts all the other statements as true; the other rejects the premise of the central statement and thus rejects all the other statements as false. How can we better understand the dynamics of belief systems in which individuals' certainties of belief are modified by network mechanisms of interpersonal influence toward a consensus on a set of interdependent beliefs?
An analyzable problem on belief system dynamics can be posed as follows. Let us start from a state of heterogeneity in a population of individuals (i) with various levels of certainty of belief on the truth values of two or more truth statements and (ii) with a common set of logical constraints that associate these statements. In this population, levels of certainty of belief about one statement are associated with levels of certainty of belief about another statement and, more generally, an individual's level of certainty of belief about one statement is some mixture of that individual's certainty of beliefs about other statements. Let each individual's certainty about each statement be subject to disturbance. Cognitive consistency theory posits that the disturbance will cause a within-individual change that recalibrates their certainties of beliefs to achieve consistency. Let each individual in this population be embedded in a social network that allows interpersonal influences on individuals' beliefs. With such a network, cognitive consistency effects are now competing with effects of other individuals' displayed beliefs.
In our model ( Fig. 1) , individual nodes have different certainties of belief on multiple truth statements, which may be changed through their interactions with others. The nodes may vary in their levels of closure-openness to influence. Each node's integration of their own and others' displayed certainties of belief may be subject to logical interdependencies among statements. These interdependencies can be expressed as a matrix of logic constraints.
The dynamics of this n-individual belief system on m truth statements is defined by the tensor matrix equation (18) Xðk þ 1Þ ¼ AWXðkÞC
where k ¼ 0; 1; …. The Xð0Þ is a n Â m matrix of n individuals and m truth statements with truth values (true or false) on which individuals have heterogeneous certainties of belief in the ½0; 1 interval, such that x ij ¼ 0:50 corresponds to an i with maximum uncertainty on the truth value of statement j of the m statements; x ij ¼ 1 corresponds to an i with maximum certainty that the truth value of statement j is true; and x ij ¼ 0 corresponds to an i with maximum certainty that the truth value of statement j is false. A simple one-toone correspondence (bijective function) exists between individuals' emotive attitudes toward statements and their certainties of belief on statements. These two forms of evaluative orientation to truth statements are not the same, but are naturally associated. That is, the stronger i's positive attitude toward a statement, the greater i's certainty of belief that a statement is true, and the stronger i's negative attitude toward a statement, the greater i 's certainty of belief that a statement is false. The C is, in the simplest case, a m Â m matrix of interdependencies among the m truth statements
The W is a n Â n matrix of weights, each row i of which corresponds to individual i 's allocations of weights to the n individuals' displayed certainties of belief ð0 ≤ w ij ≤ 1 ∀ij;
The A is a n Â n diagonal matrix with values It was a logic structure in which high certainty of belief on statement 1 implies high certainty of belief on statements 2 and 3. Powell concluded his speech with the words, "We must not shrink from whatever is ahead of us. We must not fail in our duty and our responsibility to the citizens of the countries that are represented by this body." In March 2003, the U.S. government announced that "diplomacy has failed" and that it would proceed without UN Security Council approval with a "coalition of the willing." President Bush spoke to the American public and announced Operation Iraqi Freedom. He stated, "The people of the United States and our friends and allies will not live at the mercy of an outlaw regime that threatens the peace with weapons of mass murder." The 2003 invasion of Iraq began a few days later. In the immediate March-May aftermath of the invasion, polling indicated a surge to strong majority support of the preemptive invasion. With the failure to find any evidence of weapons of mass destruction in Iraq, polling indicated that a strong majority of the public believed that the Iraq War was based on incorrect assumptions (25). In September 2005, Colin Powell acknowledged that his UN speech was based on flawed intelligence reports.
Two events underlie the fluctuation of public opinion on the war. The first event set up a logic structure and a conclusion. If statement 1 is true, then statements 2 and 3 are true, and the available evidence indicates that statement 1 is without doubt true. The ensuing public discourse elevated the belief that an invasion was justified. The invasion occurred. The second event, no weapons of mass destruction were found, altered the conclusion of the logic structure. The ensuing public discourse elevated the belief that the invasion was unjustified. For if statement 1 is false, then statements 2 and 3 are also false, and the available evidence indicates that statement 1 is without doubt false.
Applying the Fig. 1 model, consider a population that (i) is attentive to Powell's UN speech logic structure, (ii) maximally open to interpersonal influence, (iii) accepts its logic structure, and (iv) is connected in a regular influence network structure that allows direct or indirect flows of influence from every individual i to every individual j of the population. If this population has a high certainty on statement 1, then the belief system dynamics will generate a consensus that a preemptive invasion is a just war for any distribution of certainties of belief on statements 2 and 3. And if an event occurs that proves statement 1 false, then the population's certainty belief on all three statements will be dramatically lowered. Figure 2 illustrates the different results of belief dynamics with and without the logic structure in which statements 2 and 3 certainties of belief depend on statement 1 certainty of belief. The colored lines distinguish individual temporal trajectories of belief on each of the three statements. Figure 2A is a population without such a logic structure. Its distinctive distributions of certainty of belief on the three statements are independent. The population converges to consensus on each statement. A high-certainty consensus is reached on the truth of statement 1. A consensus is reached that entails near maximum uncertainty on the truth of statement 2. A high-certainty consensus is reached that statement 3 is false. Figure 2B is a population with the logic structure. Its distinctive distributions 
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of certainty of belief on the three statements are interdependent. A high-certainty consensus is reached that all three statements are true. Figure 3 relaxes the assumption that individuals' levels of openness to interpersonal influence are all maximal and introduces a level of closure to interpersonal influence that modestly anchors individuals on their initial beliefs. In contrast to the belief trajectories of Fig. 2 , the effect of such anchorage is a maintained heterogeneity of beliefs under the same conditions of initial belief and network connectivity that generated the consensus results of Fig. 2 . It can be shown that with more markedly heterogeneous levels of closure to influence, the evolution of the belief system is disorganized.
Figures 2B and 3B elucidate the conditions under which substantial shifts of public opinion occur when a highly influenceable public accepts a government's logic structure on truth statements. The next three figures illustrate alternate realizations of belief system dynamics on the same truth statements. Figure 4 considers an alternative system with the same structure as Figs. 2B and 3B, but one in which the influence system overrides the implications of the logic structure. It contains an intransigent faction of k skeptics, maximally closed interpersonal influence, with identical and uniform low confidence (0.10) on all three truth statements. All other n− k individuals are maximally open to influence. Thus, the intransigent faction is composed of individuals (i) who reject the n− k others' high certainty of belief on the truth of statement 1, (ii) who are substantially less certain on the truth of statement 2 than the n−k others, and (iii) who are as skeptical as the n−k others' on statement 3. Figure 4 shows that the temporal movement is toward a consensus of diminished confidence on statements 1 and 2. More generally, if k intransigent individuals have identical beliefs z ¼ ðz 1 ; z 2 ; z 3 Þ, then the beliefs of the open-minded individuals converge to the row vector zC T . In Fig. 4 , the beliefs z i are uniform z 1 ¼ z 2 ¼ z 3 ¼ 0:10, and thus the whole community reaches consensus. For nonuniform certainties of belief of the intransigent individuals z 1 ≠ z 2 ≠ z 3 , in general zC T ≠ z, and the final beliefs of the intransigent and openminded individuals may disagree. Figure 5 considers an alternative system with the same initial distribution of beliefs and influence network as Fig. 2B , but one with a crosspressure logic structure in which statements 1 and 3 are independent competing determinants of the statement 2 appraisal of a real and present danger, Our final illustration relaxes the assumption of a common logic structure and considers a smallscale system of n ¼ 6 policy-makers engaged in debate on the three truth statements under the condition of two competing logic structures For three decision-makers, the position on statement 1 determines the conclusion on statements 2 and 3. For the other three decisionmakers, their conclusion on statement 3 is not determined by their position on statement 1. Let the initial beliefs of the six policy-makers be consonant with initial certainties of the larger population of citizens in which the policy group is situated, where the block partition indicates that individuals 1 to 3 are processing information based on the C 1 logic structure and individuals 4 to 6 are processing information based on the C 2 logic structure. Note that the i → w ij > 0 j weights are dense among individuals with the same logic structure and that individual 2 with the C 1 logic structure is allocated disproportionate weight by the five other members. The generalization of the basic equation for the competing structures is presented as eqs. 23 and 24 in the supplementary materials, and we discuss the stability in models with multiple dependency constraints in supplementary text S.2.3.3. Figure 6 shows the certainty of belief trajectories for each of the six individuals on each of three statements. With low diversity of initial opinion on each statement and an influence network in which one individual has high influence centrality, a consensus is rapidly reached that is consistent with the C 1 logic structure. With its dampened opportunity for a vigorous debate on the merits of the C 2 decoupling of statement 3 from statement 1, this group illustrates the potential hazards of the "groupthink" systems (26) that have been associated with policy-decision fiascoes.
In conclusion, truth statement interdependencies matter, and their manifestations may be diverse when individuals are embedded in an interpersonal influence system that is modifying individuals' certainties of belief. Belief system dynamics depend on the topology of truth statements' interdependencies and the topology of the influence network in which individuals are embedded. Interpersonal influence networks set up a complex system. Individuals' certainties of belief may be elevated or dampened, beliefs about different objects may be linked, and shared belief systems may be generated. The information environment to which individuals are responding by updating their belief systems includes other individuals who are displaying their certainties of beliefs on the same truth statements. Individuals who are exposed to such social information may have heterogeneous levels of closure or openness to interpersonal influence, they may vary in who is included in the subsets of individuals whose certainties of beliefs are visible to them, and they may vary in the weights allocated to particular individuals' displayed positions. The influence network that is assembled by individuals' allocations of weights allows both direct and indirect interpersonal influences on individuals' certainties of belief on multiple truth statements.
Although possible realizations of belief system dynamics are infinite, a parsimonious, analytically tractable, general theory may cover them. Special cases include systems in which no logical interdependencies exist among truth statements, no interpersonal influences exist among individuals of the system, or no consensus is possible. The model posits two individual-level information integration processes in which a logic constraint structure is nested in an interpersonal influence process. Dynamic information environments, which include information on other individuals' certainties on multiple truth statements, continuously activate self-organizing cognitive consistency processes. If such continuous activation is a source of individual-level stress, then buffering defenses to the disturbances of the information environment may occur. Such individual defense responses include a reduced openness to interpersonal influence, a restructuring of the allocated weights to sources of information, or a flight into a local environment in which the individual is exposed only to selfconfirming information. Currently, the model does not consider such defense responses. The mathematics of the model allow a calibration of the influence network and logic constraint structures of a population; that is, an inference on what logic structure is consistent with observed trajectories of belief.
Belief system dynamics occur in both largescale populations and in small groups. Their implications are especially potent in the debates that arise in small policy groups, whose decisions affect the collective actions of governments and other organizations and, in turn, the security and welfare of numerous individuals. The hazard rate of policy fiascoes may be reduced with a more detailed attention to (i) structural features of small-group interpersonal influence systems and (ii) applications of formal rules of debate . Belief system dynamics in a small policy group of six individuals engaged in debate on the three truth statements under the condition of two competing logic structures. In one, the position on statement 1 determines the conclusion on statements 2 and 3. In the other, the conclusion on statement 3 is not determined by the position on statement 1. With its quick dismissal of the latter, this group illustrates the "groupthink" systems that have been associated with policy-decision fiascoes.
that can regulate these systems. The field of science on this is in its infancy.
